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BS0ME NCOSLINEARITIES TH REGULATCRY SISTRVS

L?igu.res are apponded./

Bvery reguleted systom 1s ossentially a nonlinear system; the resson ie that
even if ‘Le regulated object and the messuring element of the regulator can, in
the firat approximation, be considersd as linear systems, still the power-amrji-
fying element of the regulator will alwaye be nonlinear, in view of the lerge
vtlues of amplification as contrasted with the limited power of the regulation

slement.

mation

a8 shown in Figure 1.

The asture of this ncnlirnearity cem be povceived in the first epproxi-

The abecissa exis gives the input values of the power-amplifying element
In the range of variation between -a and a,

and the ordinate axis, the output.

ths syatem 28 odbvieunaly linear.
cations (emall "staticism™), the value of & cen be less them 0.005-0.01.

In regulators operating with large amplifi-

Dur-

ing any dicturbance of a2 ragulated system the deflecticn 7y is gensraily much
greater tben a; tkerersrs, a .sgulaced system in practice always hehavee nocn-
lineprally.

The presence »f “rintion, free play, and inssnaitiviiy zonmes In reguletors

makss the problem of reguletion substantially even more nonlinear.

To atudy a

regulation eystem as a linear appraximation can leed to incorrect results. With
dry friction not taken into considsration, analysis cen shov & given linear reg-
ulation svstem to be stable even if, when dry friction is taken into account,

oeaillatioas can be shown to arise for known conditicns in a eystem whose linsar
purt 1s stable ﬁ, 2,

-

The method presented below for solving the problem of stationary movemenus

in a nonlinear regulation system 1s Just the first approximation in the
solution and is based on the principle or harmonic equilibrium (balance)

—.

problem's
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In essence the method is analogous to Van der Pol‘s method [27 In meny caees,
the oecillations in regulatory systems are of & quasi-harmonic nature; therefors
the Pirst approximation of the solution in prectice gives fully satisfectory re-

sulta /2, 6/.

The Gnncepi': of Zquivelent Admittance of a Nonlinear Flement

Lot & certain linear element of a regulation system be cheracterized by a
relation between the "output® xp and the Y input” x in the form of an overational

equation:

x2 = J(p)x1 (1)

The edmittance of the linear element or its amplification factor (coeffi-
clent) is the name for the ratio of oltput to input (here and in the rest of
the text 1t is understood that the parameters of -the system ere dimensionless

(reduced) relative quentitles):

(2) -

A basic pecullsrity of the linear slement is the aebeence of any depsadence hs-
twaen the elsment's sdmittance end the input signel. '

xp/xy"= J(p)

In & particuler cese J{p) can ba equal to & constent C. In this case xp
repeats without distortion in time {but on & different scale) the qusntity xy.

Let there be given a nonlinear element which connects output xp and input

x1 by the function
x0 = $ (1)

:hen the expression for equivalent admittence will have the form E:

Jro =gek@\1> A*‘ J Ee}l@\l)
k()= ﬁ? g?{’(Aéi““#)"‘“fd“ﬁ (50

L. (A1)=#Al—§;(/ﬁ\lsin'@ceq&d~]/ )

In this ccae the equivalent aimittence of the nonlinear element despende upon the
emplitule A of the input signel. If the function phi(x1) 1f a single-valusd
(vnique) odd function, then the reactive adwmittence of the squivelent admittance
18 by = O and hence the expression for equivalent admittence takes the simpie
form: Jpg = ek(Al). Analyzing expreseion (5), we come to the conclusion that
the equivalent admittance of the nomlinear element is determined by the ratio of
the complex vector of the baeic harmonic at ;ﬁgutput to the vector of the sems har-
monic at input; heace it is assumed that et irput only one harmonic oscillation

of arbitrary frequency is possible.

Equivalent Admittences of Some Eonlinear Elements of Regulatec. Systems

Let us exauine a number of nonlinear slements cften sncountersd in regule-
tion systems and determine their equivalent admittaences.

(3)

(%)

where

end

-2 -
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1. Zone of Ineemeitivity of the Firet Type - - SR . : ‘ R

The characteristic of this type of nonlinear elemesnt (HEI) is showm in
Figure 2a. '

In Figure 2% 1s shown an elementary model having a eix..ar characterietic.
8haeft I is _onnected with shaft II through a fork of width 2a. On shaft II is
mounted a spring which tends to place the shaft in a zero (neutral) position.

If the angle of rotation of shaft I 1s taken for x3, then the angle of rotatiom
of shaft II, numely 2o, will depend upon 33 according to the characteristic
curve in Figure 2a.

The equivalent sdmittence ARI, according to the foregoing, will consist
only of the active conductamncs.

For convenisnce in future calculations, we will define the equivalent
admittance as some function of the ratio of amplitude Aj of oscillation of the
input guantity x3 to half the width 2a of the insensitivity zoms, namely a.

According to (&) npd (58) we gets

Turo =gk (=72, (1A sinfr—adsin pd =

N T (-7 W Y —_ - (6)
IR - At ST
where alpha egquale arc sin a/A;. £y i

In Figure 5 is shown the dependence of the squivaelent admittanoce J;
upor the ratio Aj/a. The velus of OLxI, tends to the limit 1 as the ratio Ag }8

tends to infinity. If the cbsoluiy vallle or d.xg/dxl on the rectilinear part of I
the cherscieristic of @ (xy) differs from 1 and equele N, then il equivalent
adm.ittence of a similar element will equal NJNEIO"

2. Zone of Inseneitivity of the Second Type

The cheracteristic of this type of a nonlinear element (NEI) is shown in
Figurs le. .

In Figurs 4 is shovn an elementary model Laving a similar characteristic.
During the motion of a sliding contact I, determined by the coordinate x;, the
motor M 1n not ewitched on in the interval 2a of the fork (2e ie the distence
between the static contacts II), For abeolute x) greater then a, a constent
voltags equa) to the absolute value of x2 = B is fed to the motor. According
to (4) and (S5a) ve get: . .

(]
Terr—Eeh(8Y) =,;4,;-\1 'g/B snyd ¥ (1)
=N'JNEIIO i |

—arc sin /A1 (8)

fad \ 11—l
| Juenoz%'ﬂlﬁ ! By/ar
N-BA
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In Figure 5 1s shovn the dspendence of tus equivalent #dmitiance Inerro
upon the retio Ay/e, according to formula (8). The maximum value of Jypyrp 18
sguas to 0.637 and holds trus for Aj/a equal to 1.k,

%, Nonlinesr Rlement With Free Play or ¥riction (NEIII)

Let free play exiet in one of the links of the raguletor’'s mschaniem.
Ao elementary scheme imitating free play ls shown in Figure b, If the angle
of rotation of shaft I, msasured by coordinate x1, ie within the intexval 2a
of the width of the fork, them the output phaft I remaine statiopary. For

aveolute x) greatsT them &, sheft IT follows shaft T. The characteristic of

the gimiler noniinear element i shown in Figure 6a. This characteristic ls.
double~valued and 1s dsnoted by & loop.

Let us examine the nonlinearity comnncsted with the prseence of dry
friction., An elementary scheme imitating dry frictien 1s shown in Figuwre 6c.
(n sheft I ects a momsnt determined by coordincis xp. The shaft is held in
block k, which creates dry friction; the moment of %riction equale a., For
ebsolute x; greater then a the sngie of rotation of the shaft, which is de-
termined by coordinate xp, is equei 1o zero. The eguaticne connecting Xp aad
I3 can bte written in ths followirz form:

Xp = N@\“ﬁ) for )'(g )0
Xy =N +3) for - 2 <0 e e -
Ixg—Nxd<Na & 5, =0 9)

ybers N 1 & coefficient determined by the anflexibility of the sprirg

>

The graphlc illustration of the relation between xp and Xp will have
the seme form as in Figure 6a, If we take n = 1. Thus free play and iry fric-
tion have snalogous characteristics. N

Rquivalent edmittence of & nonlinear element with dry friction (for N = 1)
or free play (NEIII}, according to squations (4) and {5), will be equal to

Jhlimo-:gek(é% + J'Leh(%i') (10)
A il
=&l

L
7 TK— %—Cosu‘f“:smad-‘f Agl +2C0S§ ﬂ (10e)

wvhere

Be‘b{(’é‘):‘ 7%‘\71 ‘#:(Ais.m \}r) oS ‘\y‘ oLﬂr

3 4 cird b de
=%Ejf+sxn“ outg - €08 E?EI
oG=afc $in EA%{I (108}
" ®quation (10) can be rewritter in tue ferm ! '

Iwﬁmo =,illEMoQ\1/a)!'8XP “Y(AV &
where _\/ (Al /a, = arc tan bch/geh

= Fem 8= €+ b SR

-k -
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¥igure 7 shows thke verlation In output x, for & ainuscifal veriatiocn in :
3. The graph is plotted in accordance with squailon (9), for ¥ = 1 (Figure 6a). : (™
The walus of J according to equation (10) is defined ae the ratlo of the R
amplitude of ’;gg:[}?ret harmonle of %o tc the amplitude of the harmomic at input
4. Angle gemma determines the phase displacement between the first hearmenic of
xo &t output of the nonlinear elemsnt and the eame harmonic at imput. The value
of gamme i less than zero; this means that the first harmonlc et output lags
behind (as to phase) the harmonic at input. In Figure 8 is plotted actlve con-
ductence gek eni reactive conductance bgy versus the ratio & /e,

4\;/

Figure O gives the curves of coeffliclent Jporss and phasa gemma varans
the ratio A}/e. The modulua varies fram 0 {for A fa = Y) to 1 (for Ay/a = in-
finity); the phase veriss from 90 degrees (for Al}a ='1) to 0 (for ‘\1} = in-

finity). In future calculctione it will be necssaary to meke uee of the curve
giving the impecsnces of & nonlinear elemsnt; thuv is, the locus (curve) of ths

geametric positicna of the wector termini of l/JNEIIIO-

The quantity l/JNEIIIo will equal:

1 (A - i o eh e b;g(
3@("3) Bh+ibch Satbih JBeh Bk (12)

==Xty /o) + 4 Y6 f2) 5
vere X(Ar o) = Ly (B2 + B21)

. o) =it 159 ﬁ

The curve tracing the terminmus cf the vector VJNEIIIQ (A1/8) 18 plotted in Fig-
ure 10. On the abscissa axis 1s plotted the value of ~x(Aj/a) and on the ordinate
axis, Y(&)/a),

0n the curve are noted corresponding velwes of Aj/a. Thus for A)/a equel
to infinity, we have l/JNBIIIo = 1.

Let us ezamine the nonlinear characteristic shown in Figure 1ll. Such a
characteristic naturally belongs to any servo-esmplifier of limited power in the
ebsence of an inseneitivity zone., For abmolute x) much smaller than & we have
X5 = Nx3 vhere N = B/a. For abuolute xj much greater them &, we have absolute
X 2 B = const.

In accordanco with (4) and (5) we ge%‘

T Galif= A | (s gsn

o

=N [%—4sinaw+ 0«_]
(Aij a) (13)

='\l. J_NE]YO
vhere J __LF&_ s'mgg‘+ co§ &,
NENO= | % T T 4 Ay
end

= arc Sin (a//\)

Figure 12 is a graph of equivalent admittance Jypryq versus the ratio Al/a.
Ite meximum value is equal to 1 for A,/a much emaller them 1 and following this
it mono*cnically decresses to zsro wi%h incraass in A)/a.

o

vk ldTiY '
Sanitized Copy Approved for Release 2011/09/13 : CIA-RDP80-00809A000800260874-3 puauam




o AT T :
EJ&. ved .4‘..5&-.'}

CONFIDRRTIAL

Let us examine tne nonlinear characteristic shown in Figure 1l3a. It differs
from the characteristic in Figure 11 by the presence of en insensitivity zons.
For abs. 1] 1éss then a, we nave xp = 0; lor Xy betwesn & and ug, we heve ¥z =
{B/a(n-1)) + (xi - a); for xy grester than ne, we heve Xp = B; for x1 betwesn
-na und -a, ve have xp = (B/a(n-1)) - {x1¥ a); for % much lees then -na, ws

havs xp = aB.
In accordence with (4 end (5) we g3t;

L : :
Jev= Ea(Ar/as) = 7 g”éé(f\jsm o) sl of
4

. 4B Towrow sl 0% 2~ Sinaces —co50%a 650,
= A E B (A1/a§ + Ai/a(n-j
R :N'J;!EVO e \‘7 KRR L :

(14)

vhers H = B/a(n-1)} 18 the curvature of the cherasteristic in the rectilinear pert,

- Dy Sin2®a=snacy ¢ ~COS _
T (o) - [ — 2egmsms - smpis i)
Og=== arc SN @/‘*1} anol xy == arc s/ 67@/’\1)

Figure 1k is & graph of egquivalent admitten.ce” JNEVO‘ v‘érsua the ré‘éio ‘A]_/a.
for various velues of n.

For Ay very much smaller then na, the valuse of Jggyo naturally coincide
with the values >f Jypyo (Eee F.gure 3). For A} very mwuch larmger ihan na, ths
values of Jymyo @pproach the valuse of Jyprvee

Let ue examine the nonlinear cheructeristlc shown in Figure 15a. It differs
from the characteristic in Figure 4 by the presence of the hyetsresis effect.
During verietion of x; within the interval O to 8, X, remains equal to 0. For
1) greater them 8, xp 1s constent and equel to B. With decrease ir x) to the
value b » ma, Xp remains constant and equal to B. For 11 = ma, Xp abruptly
approaches 0 by e jump. The gquantity xp is an odd function of x1. Figure 15
showe an elementary scheme huving & similar characteristic. The polarized
reley RP has a elide contact k3, which depending upon the influsnce snd direc-
tion of the current in the winding of the relay RP either 1s connected with the
immobile contact kp' or kp” or is located 1. a neutral position between them.
During veristion in position of brush F, the voltage in the winding of the re-
lay RP, determined by coordinate xj, varies. The relay operates for some cer-
tain velus of the voltage; that 1s, contect ky connects with either contact
ko' or kp". Between the points ¢ end d the voitage x is switched on. By
virtue of the probable presence, in relay RP; of a coefficient of recovery
aifferent from ome the contacts vill break for a voltage in the relaey smeller
than the working vol+age. In this way, ths cheracteristic ¢f the studied
syster -- thet is, the dependence of voliage X5 (in reiative terms) upon the
voltage x; (in relative terms) -¢ will have the form shown in Figure 1l3a.

"me doubls-valued dependence between X3 and Xxp predetermines the presence of
sotivs and raactive conductence in the equivalent admittance of the studied
nonlinear element. In eccordance wiih equatione (58) and (Sb) we obiain

Za oo = 3 V) sy d

=—_1Eg N a)- (COS&-I “COSDCZ)

1] X ,
o (/) = A8 g s eos ¥ b

— 8B (sihoc,— Sinecy)

arM. /8
YA s

-6 -
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vhere ‘ocl_ arc Mq(a/t\l) and o = TU— arc sm(md/f\z)

. /A N o L_L
onc . \Ayyam)— ek T i .
hence UNEVI N / J ﬁir—dé‘; AL exr(}*{)

4 (15)
= Tl . gin SeazHA CXPQZY) n
N J—Nswo@‘i "me

N"vxo/l/a 7’) 7f (Al 5) SMQEA——J exp g’*f)
NEVIO‘ <’-></>( 1 Y)

I =4 Sin oaazs
| ap; "

whers

= arc T3n({
. - gipOta SO 7% Chabou
== arc 71571 CoSwr—COSRR 5 Ly

Pigure 1€ gives graphs of Jgpyjo and gamma versus the ratioc Al/a for various
valués of m.

Let us determine the reciprocal of INEVIO (Al/a,m). nemely, the equivalent
impedance:
1/ JNEVIO (// g ewiEw

a =
=Ny t&/@ w5 )-—; be‘/@uﬁ behj X+¢7Y
(16)
The curve traced by the terminal point of the equivalent-impedance vector for a
number of valuss of m ie given in Figure 17. The values of X are plotted on the
abscissa axis and )Y on the ordinate axie.

e Bquations of & Regulation System with Nonlinear Elements

If in a regulation system there is one nonlinear eiement, then it can always
be represented ae & combination of linear and nonlinear elemente (Figure 18);
hence the linear elemsnt, in its characteristic, unites the entlye linear part
of the regulation system.

fhe £irst epproximetion equations of & regulation system can be written in
the following form:

X5 = Jo(pixy (x7)
x5 = Jyp{AL/a)x2 (18)
Xz = 1) (13)
Houce the system's equationes of free oecillations will be:
Je(p) + Ipg (H/a)-1 =0 (2c)
- 7 -

CONFIDENTIAL

25 ey

oy k)

e, LX) "!j

Sanitized Copy Approved for Release 2011/09/13 : CIA-RDP80-00809A00060026(

50X1-HUM|

£

0874-3 J



Sanitized Copy

proved for Release 2011/09/13 : CIA-RDP

premim T
'_.‘.;,.,.nuw;u..'il-l-‘t AT T

8-08007

CORFIDENTIAL

To find the pa-amsters of possible stationsry (steady-state) oscillations,
we substitute p ‘w in equation (20) ﬁ, §_7,, {Note: & 1@ the cyclic fregquency

or apguler veloe 11:;.)
Thus we got: :
JolJw) - Jyp (Ay/e) =1 o -, (e

Setting separately the resl snd imsginary parte of equetion (21} to zero, we got
tvo equations with two unknowns: the cyclic frequency {anguler velocity)  and
amplituda A;/a (in relative units) of sutc-oscillation. If as a rseult of solv-
ing thess equations we obtain real values for w, then auto-oacillations in the
system are possible. The fquestlon of stability of auto-cecillations 1s sepa-
rately studied below.

The oeme solution can be conducted graphically by using the fraquency char-
acteristic of the linear part of the regulation system. Let ue rewrite equation
{21) in the following form:

Jo(dw) = 1/5ym (&1/8) '(21')

The left part of this equation, with w varying betwesn negaetive end positive in-
finity, represents the phase-amplitude cheracteristic of the regulatlon system's
linesr part in a disconnected (vpen) state end will be empioysd in solving by
KNyquist's method the problem of the syetem's stability in a cloeed state. The -
right part of thc equation represents the equivalent impedance of a nonlinear
element whose cheracteristic can generally be represented, for Al/a between zero
aad infinily, in the form of & curve with the same coordinates as the emplitude-
phass characteristic, Tho intersection of the phace -smplitnde charmcteristic
with the characteristic of the equivalent impedance determines the frequency and
emplitude of possible oscillations., If the charactericticse do not intersect,
then it meene thet thexe is no real vaivs of the cyclic frequency w satiefying
equation (2!); consequently the studied regulation eystem, in the 1irst approx-
imation, cemnst have steedy-otate oscillations of finite amplitude (distinct
from zero or infinity), as determined by the nonlinear element.

Btability of Auto-Oscillations

let the amplitude-pnese charecteristic of a stable linear eystem and the
characteristic of en equivelent impedence intersect at more then ome point. In
Figure 19 these characteristics intersect at two pointe, K and M. The puint N
corresponde (eccording to the cheracteristic of J (Jw)) to the frequsncy o = &l
and (according to the characterlstic of 1/Jge) the emplitude of auto-cscillation
Ay/a; to the pointMcorrespond w = v avd Ay/e = (ka/2)n.

We will show that, for a given form of the characteristics, to the point N
correspond unstable euto-oscillaticne, while to pecint M thers coriespond stable
ones.

In a given cese, 1t is sufficiont to exemine the stability of oscillations
with respect to the emplitnde. .

¢ us aseume that the amplitude of auto-oscillations corresponding to point
N has incressed elightly and decoms squal to (A)/a)y + d(Ay/e). Then the equiv-
slent impedance 1’1l be determined by the point §; and will by equal to (1/3g)II.
The common emplificetion factor of a regulation syetem in & closed state 18 de-
fined &s the product of the emplification factors of the linear and the nonlinear
elemsnte. For the emplitude (Al/a)1+ d(Ay/a) of oscillation, the common ampli-
fication factor will be equal to

Exp = 9(J%) « JINE11

-8-
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The emplitude-phase characteristic corresponding to this amplification factor

: intersects the resl axie at ¢J = @l (frequency corresponding to the point of . - '

Y intersection of the ray ON] w:th the cheracteristic of J (J®)) to the right of :
i point 1, JO or, as seen fram Flgure 19, we have: .

J(J¥;1) is greeter than 1/dgeyy

In tkis way the amplitude-phase characterlstic of Kml(Ju) envelop point 1, JO
and comsequently the system turns out to be unstaeble; that ie, the oscillation
will increase.. The procese characterized by point K will be unstable.

If we agsume that the emplitude of oscillatlons decreeses, then the equiv-
alent impedance will be, let us say, determlned by point Np and will egual l/JNElQ‘

A system's common emplificetlon factor for decresased amplitude will be egqual v

Kyo = J(J&) '+ Igpap "7 ERIRERE R

The amplitude-phese chaeracter?stic corresponding to this amplification lactor
intereects the real axis when @ = Wyp {8ee Figure 19) to the left of the point
(1, J0) or, as seen from Figure 1G9, ve have

J(Jthp) lese them 1/Iypin

In this way the cheracteristic of KNE(J(.J) doss not envelop polnt 1, -JO; " that ia,:
the system is cteble and hence the osci.lations will beccome damped.

Hence it followe that if the initlal deviations in the system are such that
the deviations at input of the nonlinear element are less than (Al/a)l, then os-
cillations will not develop in the system.

Similar reasoning can show that oscillations corresponding to puint M are
steble. Actually, let us assume that the amplitude of oecillations has in-
creused somewhat and hence become equal to (A1/a) +d(A1/a). Then the equiv-
alent impedence of the nonlinesar element will be aetermined by point Mand will
be equel t~ (1/JxE)o;-

The system's common amplification factor for en increased amplitude will
equal Ky = J(jw) o Jggo1. The emplitude-phase cheracteristic of Ky (Jw) will
intersect the real ax's at & = Wy to the left of point 1, JO or, as ceu ve eeen
from Figure 19, we have

J(Jwp1) lese then 1/igpo1

and consequantly the systom becomes stabls in the scnee that the oszillations
ptart to decrease. If ve assums that the emplitude of oscillations has de-
creased, then it ia eesy apalogously to show that conditlons ars created that
caus- oscillations to begin to increase and the process slips back into thoe
scheme characterized by polnt M,

In the general ceas, 1if the amplitude-phase characterlatlc of the system's
linear part has an arbitrary form and intersecte the impedence characteristic of
the nonlinear element, then the problem of stability of ocscillations with fre-
quency ) and reduced (dimensionless) emplitude Aj/a corresponding to the point
of intersection of ihs characteristics 1a solved by plotting the characteristic
of the system's generel amplification factor in the open (disconnected) stage
egeinst the incressed emplitude J(Jw) * JNe [(Ay/a)td(A;/a)/. If this char-
acteristic encompaeses point 1, JO, t.en the oscillations are unsteble; if not,
they are steble. (Note: It is assumed that the linesr eystem in & close state
is stable.)

-9-
CORFIDENTIAL

Couivs ammiu b J.IL

Sanitized Copy Approved for Release 2011/09/13 : CIA-RDP80-00809A000600260874-3



i E i LI B

Approved for Release 201 1/09/13 : CIA-RDP80-00809A000600260874-3

}-»mm'l%tﬁ'?x "o

e vei it A0S

: CONFIDENTIAL . "y

Concrete Exauples of a Regulation‘Syateu': With ﬁonlinear Elements

1. . Tho Gage Where =an Flement ¥ith O (dvy} ‘Friction is Present

Let us examine a regulation system in which the nonlinear element with
Coulomb. friction is comnected successively with the lineer part of the regulation
eystem, in accordance with the system in Figure 18, (Fote: Such a geparation of
& nonlinear element with the characteriatic shown in Figure 6a 1s edinissible if
the movement in thie olement, in the case of the abeence of friction, is defined
by & zero-order squation.) The analyeis of such a system (in the first approxi-
mation) is reduced to the exsmination of equetion (217 )z ‘

JolJw) = .i//JNE'III s SR (él') .‘:.:“: Sy :' ”

More demcriptive results, &s were already shown, cen be obtained graphically. b
It is necessery; con equently, to exemine ths poesible cormon (eimultansous) .« h 5
dispositions of the emplitude-phase characteristic of JolJed and the charac- "
teristic of the equivalent impedance 1/Jgpryr(A1/e) (that is, to find the in-
terseztione of their curves). The characteristic of an equivalent lmpedance
of a nonlinear slement with Coulamb friction (for N = 1) ile etrictly determ!-
nute; it is given by equation (12} end 1s shown in Figure 10.

Therefore, the common {eimulteneous) dieposition of the characterietie
is fully“determined by the form of the amplitude-phase characteristic of Jo (Jw).

Baveral ceses are possible; some of them are shown in Figure 20. 1In
Flgure 20a 1is shown the amplitude-phase characteristic of the linear part of
the regulation eystem Jo(Jw) which does not compase the point 1, JO and does
35t aiorscel ihe chéracieristic of lhe oquivelent impedance 1/igprrro. Such
a system, being steble in the absence of a nonlinear element, remaine stable
even with its presence. Similar systems we will call abaolutely stable.

In Figure 20b is shown the cheracteristic ~f Jo(Jw), which does not
encompass the point 1, JO, but intersecte the characteristic of the equivalant
impedance .L/J o0 &t point M. Thie point determines the frequency and ampli-
tude of the ogﬁIIations that erise. These cecillatiune are steble, in accord-
snce with conditions examised in the section "Stability of Auto-Oscillatione.”

Thue ths ctudled system thet le etable in the absence of & nonlinear
element turns out to be unetable (in the sense of developing oscillations) 1in
the presence of & nonlines : slement. Such a system will be called unstable.

In Figure 20 18 sXown the characteristic of JO(J W), which intersects thm
characteristic of the equivalent impedance at point N and encompasanss the point
1, J0. "The point N corresponde to unsteble oscillations. This means that if
the initial deviations are smaller in magnitude than those corresponding to
point H, them oscilla. irns do not arise 1n the eystem; if, however, they are
greater, then the emplitude of oecillations will increase anéd cannot be 1imited
by the given nonlinear element. Such a system we wlll call conditinnally stable.

In Figure 20d is ehown a case -here the characterietic intereect at two
pointe: N and M. The first of these two corresponds to unetable oscillatione
and the second, to stable. Thue if the initial deviationme are smaller than those
correspend.ing to point K, then oscillations in the system do not arise; i1f they
are greater, oscillatlione arise, depending upon the parcmsters of point M. Such
& syatem we shall call conditionally stable. As long as the characteristic of
Jo(Jw) does not encompsss point 1, JO in a glven case, the studied system is
stable in the abeence of & nonlinear elemsent.

In Figure 20s 1ls ehown the case where characteristics do not intereect;

bers the charactaristic of J (40 encompassss the cheracieristic of 1/JHEIII on
the right. In this case a linesr system %hat is umstabls during the avsemce of a

nonlinear elemsnt also remaing unstable during its presemce. Such a syetem we
shall call absolutely wmatable.

- 10 -
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a, Pfimary Regﬁlation of an Inertim ObJect by & Regulator Haviné Fric-’
tion ‘in the Measuring Rlement

‘ The schematic of a regulated system is shown in Figure Z2l. The
squation of the object of regulation hee the form:

Cf)m_i_._g ,
Rt s {22)

The regulator is essumsd not to have eny mess or viscous frictlon. Its meesur-
ing elsment hae Coulomb friction end ects simultansously as en emplifier.. The
equation of the regulator's measuring elsment has the form:

n—+¢ -

In the achematic the nonlinear elemsat NBIII ie isolated sepsrately; the nom- ; - .
linser element shows the rrssence of dry friction in the reguletor. The rela-

tion betueenhﬂ and.?\ia glven by the cheracteristic shown In Figure 21b. The

equation of this cheracteristic can be presented in the following form (soe "1"

under section "Bguivalent Admittences”):

L + A fér Y\H <0
LAVTI o Y fr®\ g
Mni<a fhy=0 .

The equation of the servomotor has the form:

Pla (25)
The general amplificetion factor of the linear part of tls regulation system will
be equal to:
J— p=———ry -_—= i . 1
o(P> Xy PLS kteha (26)

1at us transeform equation (26), for which we will introduce a new operator:
g = p Ta/k (em)

Then equation (26) may be written in the form:

Jo—Thr gy —NE@ (261

whers Nz.ll.%_hx and J;(ct’):;-“ c_})(l—‘{i'%j

The emplitude-phase cheracteristic of the linear pasrt of ths re ation system
will be obtained by substituting the expreeeionj for q, where 8 the reduced
(anen_eicnlesu) cyclic fraguency.

o382 = 8/71/3Q+ 3827 = Mio1(262)
' (28)

Figure 22 shows the amplitude-phase characteristic of Jol(ag) and
the cheracterietic of the equivelent impedan. NRIII. The common (eimultaneous)

- 11 -
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diaposition of the characteristics &re such that in the glven case ¥e have to
deal with en absolutely establs system. For N = 3 approximately, the chersu-
teristice touch eech other. This value of N is & lover limit. For N greater
than 3 the characteristice intsrsect; iz the syetem cscillations srise whose
amplitude and frequency are devernined by the point of interesection of ths
characteriatice, Thus the possibility of oscillations developing in the ays- .
tem is determined by the magnitude of N and doss not depend upon the magni-
tude of friction, determinsd by coordinate a. For R greater than 3, oscil-
lations dsvelop In the system; hence their cyclic fregquency -Q (k/'ra)
gec oquation (27)) and amplituds A; w1l dspend upon both the mmgaitude of

K end the magnitués of a, since the point of intersection of the cleracter-
istice determines the values of Rdend Aj/a. -

In Figure 23 are presented curves of&and Ay/e versue the magnl-~
tude of N, obtalned by graphically solving thy probdlem., Ths larger N, the
larger &dand &;/a, ae it directly follows from Flgure 22. '

b. Primery Regulation by e Regulator Hav Mass and Viscous ang Dry
Frictions (Vyshnegredskiy's Problem) ‘

A schematic of a reguleted system is siown in Lly e 2. The vequa-
tien of the obJsct hus the form:
r E :
\ 7T + R (29)

The equation of the regulator (without consideration of dry friction) is
o p—

1
TR Ta -'\X'
£ J‘?Fq_JaLP-{-D - (30)

In the schematic the nonlinear elemsnt NEIII is lsolated separately; the slement
shows the presence of dry frictiom in the regulator. The relation between Y\H
and is determined by the characteristic shown in Figure 21b end equation (24%),
if we limit ourseives to studying the interrupted movement of the regulator's
clu‘l‘ch (the regulator's clutch cames to & stop at the end of each sving tescause
of friction).

The genoral amplification factor of tke linear part of the regula-
tion system will be equal to:

N 1
@ "% PG Pt £ptD) (31)

Jet us transform equation (31), for which we vill introduce the new auxiliary

operator:
Q"D -\3/T 12
v ﬂ (32)
Then the equation {31) tuices the form
Jola) = - 1/a(a2+3q+4) (31°)
vhere
A (%) "1“532'
and

2 (Ty/T) »\3/%

- 12 -
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Ths amplifﬁﬁewphase characteristic of -the linear-ﬂpart. of the rcgulation system,
as followe from equatien (31°'), will be [ :

_ 4 :
o (n\’:__ — \ _
Wlfos! = IO AT B8 (33)
That 1s to eay, 1t is wholly determined by two generalized perameters, A and B.

k From equaticn (33), in accordance with Nyquist's criterion, it is
casy to dlecarn that the linear part of the system will be stable 3f A, B, and
(A3-1) are greater then zers. (%4%) The first tvwo conditions will always be
fulfilled; the third determines the limiting relation between the parameters
of the regulator and object. Bubstituting in the last condition the values of

A and B, we get: 8 T

From the conditions of otability (3L) it follows that the amplitnde-phese chur-
acterietic of the linear part of ths regulation system JQ(J } tor AB greatsr
then 1 will not encomp2ss the point 1, JC; for AD ='1, it will pass through 1i;
and for AB less than 1, 1t will encompess i%.

in Flgure 25a& 1s shown the common {simultaneocus) dispositicn of the
amplitude-phase characteristic of the system's lineer part for AB greate~ than 1
and the characteristic of the equivalent impedance of the nonlinear oleme.+ KRITI.

The characteristics do not Intersect; hence the characteriwitic of
1/'7!!"’»"’...":".(‘ lies wnolly right of the charvasteristic ~f ¥ (484).  Conceqnently,
the 8 Jtem in this case is absolutsly stable. For AR loss than 1 the charnster-
ietics ~re lccated In ascordancs wiih Figure 25b: omne point of intersection
exists; nwely, point F corrssponding to unstable oscillations.

If, consequently, the initial deviation 1s smaller than those cor-
responding to point N, oscillations do not arise in the system; that 1s, the
procees converges. If greater, oscillations erise; that 1s, the process di-
verges, Therefore the emplitude or the Increesing oscillations zannot be
limited by typs-EPIII nonlinearity just studied. For 4B much lemss than 1, the
characteristics ars formed in accordance with Figure 25c; that is, they do not
intersect and therefore the characteristic of 1/JNEI 1o lles wholly to the left
of J5(J€3); that 1s, the eys:em i absolutely unﬂtagfe.

The examination of the presented examples allowa um to make, in
perticular, the following conclusions. BSecond order syotems which remain
atable vithout nonlinear elements for any amplification factor beccme wn-
#table during the presence of type-NBIIT nonlinearity (which creates additional
piamsa-eRift) for a finite amplification factor. Systems above the second orde:
¢f type-NEIII nonlinearity aleo change essertially the conditlons of stabiiity.

€. The Case Where a Nonlinear Flemert With a Zoas of Tneensitivity Ir
Frasent

FEonlinear elemsnts vith an insensitivity zome are often found in regu-
lation systems. As & yractical example of such a nonlinear element, it is pos-
sible Lo poini to the wsasuring elemsnt of e regulator whose slild‘ng contact ie
located in a fork and which, during a variation in the reguiated quantity grea*er
(vertation) than the z.one of insensitivity, switchee on one or the other side of
& constant-apeed servomotor.

Let ue examine a regulation systew mede up of a linear element and &
noalizear element of type KEII (Figure 26). Let the linear part of the regula-
tion system be characterized by the operator admittance Jo(p) and let the
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nonlinear part be fepreﬂented by the equivalent admittance TamIT (see g v.ndmr ) ) ;
section "Equivalent Admittances") The equ.ation of the regula'tion system will ‘ ‘ - "

g\ have the foxms

L e L \ v /

x5 = Jo(p) %

P

X3 = X3 ‘ _ L (35)
The equation of the system's free oscillations,will be: . w.iiis . . o0

Jotp) + Jypry = 1 S (36)
In the regulation system nondamped oscilletions can arige 1f equation (36) ie o i ;
true for & purely imaginary value of p; that is if L I

Jo(3W) = 1/ogg i37)

where &) 1s & real mwber: Replacing Jypry, Jn accordance with equation (7), by
HJREIIO’ we got

K - d5(de) = 1/Igpr10 (371)
let & regulation system without & noulinear elemsnt bs charecterized by
the em>litude-phase charsacteristic of Jo{Jw) (see Figure 27). Let us plot in

Figurs 27 the vector of the equivuleat Impedance l/JNEIIO for various values of
Al/e. 8ince its phase equels zero, the termini of this vector will lle on the
renl avis to the right of the point (1/0.637, J0). ¥Wo will dsnots by X ibe mod-
ulus of Jo(Jep), where W, is the value of the "intersection frequsency,"” at which
the umpli‘ude-phase characteristic intersects the real axls.

The condition necessery for the system to be stabls will be the non-
in"arsection of the characteristic of NJo(Jw) with the straight liae I/JNEIIO
which, in accordance with (37), will hold for

NE less than 1/0.637 (38)

K less then (1.57)/N

If E i greater than 1.57/N, then oscillations develop with a frequsncy u?
&an emplitude whose magnituds is detsrmined by the point of intersection the
characteristic of Bdg(Jw) with the straight line 1/‘7NEIIO'

As foliows from the section "The Concept of Bquivalent Admittance of a
Nonlinear Element" and fram the form of the characteristic of the equivalent ad-
nittance of the nonlinear element Iyr1o (8ee Figure 5), stable oscillations are
rossible only for the relative amplitude Aj/a grester than 1.4l. The graph of
the retio &)/a vorsu. KN is shown in Figure 28.

As & pa'actical example, let us exemire the operation of a BN9l-type
voltage regulator

The schematic of a regulated system is shown in Figure 29a. The regu-
lated objJect coneists of an exciter 1 end gsnerator 2. The regulator ccnsists
of & measuring elemsnt 3 with & zone of Insensitivity end a servamotor &. Irsv
let us study the behavior of the system In the case where the servomotor has a
constant speed. The chararteristic of the nomlinear element in the schematic
will in this case take the form shown in Figure 29b.

- 14 -
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Let us meke the simplifying usewptions that the velocclty of the servo-
motor insteatmneousiy attains ite final veiue when the contacte of ths measuring
elemsnt avs closed. Calculating the luertia of the sorvemctor would somevnat.
complicate the expresaion for the emplificetion-factor operator of the linsar
perte of the regulation system; that is. it vould be nocepoary to consider the
magnitude of es as proportionel to the voltage at the rctor of the servomotor
end not to the velocity. :

Let ue write the eguations for the system:
#iquatlon for the exciter ep = blel/’,l-Jr—pTe) LT - (1)—T
Bguetion for the gonerator ez - bgeg/(l+pTg) e (2)

Bquation for the weaeuring element allowing for the

dempar el = b3e3/(1+pTd) (3) _
Equti‘m. for the nonlinesr element es = Jypyy ° o4 = Wypyyp © @ (&) f(39) g
Equation for the servomotor ey = -(1/pTg)x (s) S
Rquation for fesdback X = eg . . : (6)
J

vhere by, bp, and b3 are the emplification factors of the sxciter, geparator,
and msasuring element respectively. The time - nstants are To, I, Ta, Tg for
the exciter, generator, damper, servemotor, respectively. ¥ = 1/§ vhere a is
the relative variation in the regulated. voltage during which ths moasuring
element's contacts are cloaed.

The amplificetion fector of +he regulation system's linear pert in the
open stste will equal:

J,(p) = ey/x = - bibob3/pTs (1pTe) (1+rTy) (34 pTy) (%0)
The sysiem 18 estatic end has three inertis memberc.

The length of the segment cut off by the emplitude-pbase characteristic
of the linear aysiem on the real positive exis is given by the equation:

l'(_;)q‘ its SL—SSA'SA:
B} S (1€, )+ - T Ts) (1)

vhere }Ii‘ L L“LS ‘___-I; R ,’-____I\-l _Ti

—_— D IR F

-l A
35, =Gt Cois S = T T =k =05 Su=TH G+ . T

t]
According to (38) the regulation system (taking the nonlinear element into

accownt) will be stable for K less than 1.57/N or 1.57 a.

T+ follows from the latter lnequallily that to have stability it ie
necessary thet Qx
1'*—5‘01——351‘ o

aTe>os b g GO T LT

In general it cen be assumed that Py = bp = 53 = 1.
Now loé:'rg - 2 goc; Tg = O.b ssc; Ty = 0.1 sec.
Then €32 = 3.85 and  wo = wo/Tg = 0.9 sec1

Q. =385, wo-ig =098 sec,
-15 -
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and for stabllity it 1s neceesary that

al, be greaster than 0.637 ¥ n k32 = 0
5 g

If there 1s no demper (Ty =Ts = 0), then:

Qg =5 and g, ® g.)q/’l’g = 1.12/sec
and for stabllity it is nocessary ‘tﬁat:

aTgy be greater than (0.637) - (0.432) = 0.275 sec-
If 1t bo assumed that the zone of insensitivity amounts to 2 perceant {a = 0.02),

then the time Ty of the servomotor must be greater than 13.75 sec when there 1ig
& damper and greater tham 10.6 sec i1f there is no damper.

Let ue exemine the behavicr of a voltage-regulation system when there
is & zone of insensitivity amd a servomotor of veriable velocity. In this cese ‘
the characteristic of the schematic's nonlinear element cau be repressnted by
the graph in Figure 29c. .

According to the characteristics 'c;:‘ the setting of the SN-01 regulator,

¥ Lavs a = 0.0l end na = 0.04., The equation of the nonlinear elemsnt will take
the form:

85 = Jygv © e = Nigmyg © ey
N - l/a(n-1) = 33.3

.
The condition neceseary for stability, according to the inequalfity (L41l), will be I

K less than 1/M(Jgpyo) may
The meximum valus of (Jygyo) WEen 0 = % 15 0.68 (see Figure 14).

From equation (41) and inequelity (38) we obtain:

2
._]_.\>(O 68)'(33 3){) L [3 To- l'f‘aSi‘sSaQo
s . . 2 xR 2 (b2)
D28 (1+HQN QI+ Q)
Yor the values assumed above, we find from (42) that Tor stability it 1s nsces-
sary that T, be greater them (0.68) (33.3) (0.432) = 9.8 sec when thars is a
demper and that Ty be greater than (0.68) (33.3) (0.33) = 7.6 sec when there
is nc demper (T3 = 0).

In practice, Ty 18 locatsd in the intervel 8 - 10 gsc, which corrs-
sponds to the 12 - 15 pec of time of the full course of the controller's trav-
erse (fram rest position to rest position). The full course of the traverse is
calculated on a variation of about 150 percent in the exciter.

n el 4

By comparing the results of calculaticns for a constant-speed servo-
motor &nd for a variable-speed servamoior, we see the advantages of the follow-
ing: stability 1s attained Ffor emsll values of Ty during: (a) simulteneous de-
creass in the zone of inseneitivity (instead of a = 0.02 in the first case, we
have & = 0.01 ir tke aecond) and, coneequently, (b) increamse in the accurecy of

regulation.
5. The Case Where Two Nonlinear Klemonts ere Series-Comnected
Regulation systems sre often found where not omne but two or more non-

lineer olemsnte are comnected in series with a linear part. Let us demonstrate
the method of examination propossd below by an example of two nonlinear alsmente

comected in series, one of vhich 's an elemsnt with fres play or friection (NEIII),
- 16 -
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vhile‘ the othsr is characterized by & zome of mgensitivity'angi a limived propor-
tional dependence {(NEV). :

R

Figure 3Ca shows & echsmatic of two nonlinear elements connected ‘n serlss.
Figure 30b showe the charscteristic of theas elements. .

The equations connecting x5 and X, cen be written as follows (See equa-

tion 9):
3 = Ny(x3 - 3g) for Ip greater then O,
X = N1(11+210) for iy less them 0,
abs.{xy - H1x;) lees tha.xx Hyxyg for &5 = 0
The équations connecting 35 and Xp have the folloving form: ' " » 4

(o} for sbe. X, less then x5y
13(12) s ~xx(-xg) = Fo(xp - %1 ) for xoy iess than zp less them X5p
B for 1, greater then xas.

In accordance with the given charscteristics, it 1s possible to plot ’
the characteriatics of 35(11) which will correspond to the cheracteristice cf
the reduced nonlinear element equivalent to ;he first two. -

Figures 30c end 304 introduce the charactaristics of 13(11) for the
two valuee of X) may; namely, the amplituds of variation of x3.” In Figure 30,
3] pay 18 lesa then xj5; in Figure 304, X; poy i85 greater than X;o.
The equations connecting iz end Xy take the following fora:
1) For x); less then Xjp,y lese then x;, (Figure 30c)

Bect
x3 = KyXo(x1-x31) i-2
x5 = N Fo(x1pax -x11) 2-3
x3 = R]_Ng(zl-xn-}-leo) ‘ 3.4
x3 = 0 4-5
x3 = MB2(xt1) 5-6
x5 = KyFo(-xpayt-x11) -7
x3 = MNg(x{-x11 - 2x10) 7-8
x3 20 8-1
2) For xjpay greater then x3. (Figure 304) -
23 = HFx(x - x11) 1-2
33 = B 2-3
Xz = B 3l
x5 = FyBp(31-131}-2330) 4-5
x3 = 0 5-6
x5 = yfa(x}x1) 6-7
L1y - I
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x3 = -B _ , ) 7-8
¥« B ' B 8-9 h

¥3 = BFa(x;3+4 113 -23%10) ‘ 9-10

!5 =2 0 ' ) 10-1
where x31 = X10-}%21/N1 and X1 =xjuoo/Ni.

Let us introduce the notation: = = x13/x]0 and m = x35/x1] end, in
sccordence with equations (4) and (5), let us determine tke equivalent admit-
tence Jygpy = NiNodygreo oI the reduced nonlinser element fixed by the charac-
teristices in Figures 30c and 30d. The resulte of celculation fer varlous val-
une of n for m = 2 are shown ip Figure 31, vhere the modulus end phase of J :
ere given &s functlone of Aj/a : xh?a:c/n « x10 + Flgure 32 givea the vector ‘ p
loci lor the equivalent Iimpedence 1/Jypp.g, of the reduced nonlinsar elemsnt, '
for various values of n wkona = 2, ﬁ'gte: Re stands for “reducsd.”) Without : C .
[ & zcne of insensitivity (xp) = 05 n = 1), If the empiitude of variatiom of x3
i is les® than x)p, the characteristic of the reducod nonlinear slement will co-
e incide with the characteristic of the nonlinear slement NEIII. At large amp-
¥ litudes thie charasteristic vwill be modifisd. This modification of character-
o istice can aleo readlly be sesn from thes form of the characteristice of the
impsdance of the reduced nonlincer elewant shown in Figure 32.

T Let there be a regilation syestem compoced of: (&) & linear element
: thut is characterized by the operator admittence J,(p), and (b) elements of
B the WRITT and NEV type (Figure 33a}. Tn accordarce with the foregoirc. the
given system can be replaced by an equivalent (Figure 33b). The behavior of
o vhe system will be determined by the relative disposition of the emplituds-
v phase charecteriatic of RiHpdo (Ju) eand tho characteristic ¢ tho fimpe.ance
1/Jm°o; the dls-2sition will depend on Ny, Np, n and m, for 1 given Jo{Jw).

As en example. let ue examine e system containing en sutomatic variable-
pitch screw E The equations of this system will be:

. Bquation of the motor &a/dt:“MCd_N¢

i o s -~6(')—{-h fory >0
?gzgieg:izs ggri“i}a)c o Y}__b x‘—k = th %" \'\éo

N wl< ‘farY\o_c j%\-\Y\|<Y\°

Rguation of the servo-motor 6H'=F( )=—F(~‘(\ = 0‘-("\"\;%“ Y\0<Y\<‘\1
- ¢'J )\ ) {A A \,\>\(\1

Schematic of & system corresponding to the given equations is shown in
Figrre 34, The operator admittance of the linear part will equal:

- To(p) = 31(p) * J2(p) = ~(N/(p+M)) © (1/p) = -N/mp(1-+p/M)
l Making the substitution ¢ = y/M, we obtains
Jola) = -B/M2q{1ta;
If there vere no type-NEV nonlinearity (Jygyo = 1) then the system under

: exemination would be stable for the conditlon (N/M?) * (b/c) ° (alphe) less than
. 3 (see equation 26'}. The valuee of n, m, F; and Ny in this case will equal:

) | :%9--!-1, m=1l/n (,l_)}ﬂ\.m = ofe, Bo o -
Cc ¢ \E/C /- - =~
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. The chagscteriatic of J(:&&) = NeNp + Jo(J&2) = (v/c) « (alpha) -
o () - (—1)/ffl(1+f§2) = M- (-1)/8% (1+3K5) vhere A = (v/c)(5/2) -
/ & s shown in Figurs 35 for M I 1 and = 10, By eselgning various veluss
' to n and m and plotting for them the impedance cheracteristics of the reduced
nonlinear element 1/d, e0r 1t 18 pessible to determine the cricical velus of
M -p Tor whkich the cgggucteristice of 1/Jgprec 228 J(JN&) 4o not as yet In- .
tersect and, hence, the system remains steble. TI'gure 35 aleo siove the char- <

acteristic of l/Jmeo forn=3endm = 2. :

b, A Nonlinesr Element Connected in Paralled Hith a Linear Blewmont

To produce stabllity end faet action in regulation syeteme, parallel
circuits (open-lcop end feedbeck) sre often used. In such syetems a non.inser
element can be present ir one of the parallel circuits and thus be connected in
parallel with linear elemente.

. ifter verifying stability in all the linear circuits, it is nacessary
e rot only to (e} Alsconnsct the eystem at the circult conteining the nonlineer
' slament and (b} dotermino the operator admiitance of the aystem's linear part
end, after plotting the emplitude-phass characterietic, and the impedsnce char-
sctariotic of the nonlinsar element, but elso to ?stormive, according to the
shove, the comditions necewsery for etabllity.

Figure 36 gives the schematic of a regulatilon system with feedback in ~
vhich a nonlinear element 1s shunted by & linear element. The equations for
the system will be as follows:

—o x3 = Ja(p)e,
x5 = J}(P)X}v
xy = J1(p)xz,
X = Nyt xs. (43)

: It follows from squetion (L3) thet the operater admittance of the eystem's lin-
s ear part egquels

Jo(p) = xp/e = 3p(p) My(p)+as(2)] (W)

N The operator equation of the closed system will be
Jo(p) = L/dgp (b5).

As en exempls, let us examine ths system of stabilization for the course
of a neutrel self-piloted airplene with a constant-speed servomotor with a zome
of ineensitivity 1Q7. The schematic 1y zhown in Figure 37. The equations for
this eystem have the following form:

Pw“kMP?TN*X 4
T ST
H}&):\--Fﬂ'f){lwte“é;z}i

ot 46
Y\—- - (46)

Tn accorden:e with equations (43) and {i44), we shall obtain the follov-
ing expressione for the operator edmittance of & system's lineer part

Io(p) = 1/pTy -+ [RQH 0)/p(etn) -1/b] (47)
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The operaticml eq‘uati\ovn‘ of & closed ays?cem will be:
{ [ Ntt+Bp) 1] |
A gy
pis L Plp+™M) el
or " ) .
1',[N1+;6)_£=1/J o
%‘Z | PtM) b e (481)
Tet us exemire the left side of equation ‘48')
el - N(H')@P) _i-
LJoﬁ\f’)_ﬁ:f;E (f) + M) b (49)
Lot us make the subsiitution g = p/M and elso introduce the notation
A =)8-M, B MR/Rb, ¢ = bnrs-}ﬁ‘o _

Bquation (49) will tbhen teke the form:

oyt atAs ]
J°(‘1)~C B \,Jicb(i+%) 1" (ko)

and consequsniily the complax admittence (ampiification Tactor) will be:

LG =cihl 5]

— XY@ L

Since the impedence characteristic of the nonlinear element, namely 1/J 1107
lies on the positive reoel axis and to the right of the point (1, JO), the con-
dition necessary for abeolute stability in the system w1ll obviously be:

Y(Q) greater than O

which according to (49") will hold true for (A-l)/B(l-I-' 92) -I- 1 grester then O.

This inequality will be satisfied for all Q.’s, if
A——B is greater then 1.
Hittihis conditiou the emplitude-phase characteristic of Jol(JQ) \for values
f between G and infinity) lies entirsly in the firet quadrant and the systes
i1s stuble for any value of C, For A + B less than 1, the amplitude-phuse char-
acteristic of Jol(i ) will have the form shown in Figure 3C.

The segment K, cutvoff by the characteristic on the real axis, as it

followe from (49"), equals
k= x(Q2,) * (1+AQ§/BC§E§(1+QD

whore the "reduced” intsrsection frequency is egual to

Q. - [-np)/e7
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} ' and therefore : . .
K= A+B)/c('1-/°\+?>>' ' . - N

When the nonlineer element (Jypr1o “ 1) is abasent, the system will be stable for
K greetsy then 1 that is for 1&—1—%)/0(1—1\-13) greater than 1; and will be unstable
for K less then 1. Wnen the system hes a nonlinear elemsnt NEIIL present (8ee
Figure 5), 1t will be stable for K between 1 and 1.37 (= 1/(Igprioimex)s For K
greater than 1, oscillations will dsvelop with a reduced freguency:

Quo—y/ T2

and with an emplitude determinei by the equation:
: ' X = 1/9xe110 ' ) (50}

Fquation (50) corresponds to two values of the relative emplitude of
cacillations &, /a = wm/ o lsse Figuwre 38), determined by the peints M and ‘ :
E. The point K, in accordence with the stated criterion for thes stability of (R 4
cacillations, defines the unstsble procese; the noint M, the stable cne. In : b
other words, ogcillations of gmall amplitude sre etabls end those of great
; amplitude are uasteble. As may be ecen fram Figure 3, the relative emplituce
.. Al/a of oscillations cannot be greater then 1.h1,

S For K less than 1 the system develops ogcillations whose amplitude can-
not be limited by the discussed nonlinearity.

Whez ~e compare the results obtalned according to the Ilvel approxi-
mation with the exact solution of problem ﬁg7 , we ere convinced of their ex-
cellent gqualitative agrecement. .

Conclusicn

This work has as its purpose the investigation, in the first approximation,
of the stability of tracking systems and autoregulation systems with nonlinsar
elaments tmé introduces the concept of equivalent admittance and impedance of &
nonlinear element in &ccordance with the method of "harmonic balance (equilsb-
rimm).” The characteristic of squivelent impedance 1o esteblished. The prob-
lem of stability is solved by plotting the amplitude-phease characteristic of

. the system's linear part. If thie characteristic doee nol contain (encompass or
surround) or intersect the characteristic curve of the equivalent impedancs,
{hen the system with a nonlinear element in the closed state is stable; in the
contrary cese, auto-oscillations eppear. Conditions necessary for stebility,
freauancy, end amplitudes of osciilaticp are determined in this work.

8ince in many ceees, tracking systems end autorsgulation systems are quast-
hariaonic, the first spproximation practically gives completely satisfactory re-
sulte.

Many examples illustration the stated methods of investlgation are analyzed.

BIBLIOGRAPHY

1. Andromov, A. A., Bautin, N. N., A Degenerate Case of the General Problem of
Direct Regulation, DAN, 46, 7, 1945

2. Lur'ye, A. I., Bffect of Frictional Force ir the Msasuring of a Governor
During Indirect Regulation, Sotetskoye Kotloturbostroyeniye, 3, 1946

-21 -

CONFIDERTIAL

CoUTRTATIAL

o Sanitized Copy Approved for Release 2011/09/13 : CIA-RDP80-00809A000600260874-3




4-3

LA ZITIAL
CONFIDENTIAL _ 50X1-HUM}

3. Oppeilt, W., Comparative View of Verious Probleme of Regulation with Regard
) : to Appropriate Regulation Procosses, Luftfahrtforachung, 16, 6, sh7-472, 1943

N 4. Krylov, K. M., Bogolybov, H. H., Introdvction to Konlinear Mschanics, Izd.
o AN UsSR, 1937 ’

5. Van dex Pol, Nonlinear Theory of Electric Oescillations, Svyaz'tekhizdat,
Moscov, 1935

6. Gol'dfarb, L. S., Honlinsarity of Reguiated Systema, Byulleten' VEI, 3, 1941

7. énédronov, A. A., Mayer, A, Vyshnegradskiy's Problem in the Theory of Direct
Regulation, DAN, 47, 5, 1945 '

8. Btandard Instruction on the Automatic Regulation of Zxcltationm, Gosenergolzdat,
1948 ) : L

9, Andronov, A, A., Bautin, H. F., Corelik, G. 8., Auto-Oscillatlons of & Very
8imple Syster Containing an Automatic Variable-Pitch Berew, DAR, 47, &, 1545

10. Andrenov, A. A., Bautin, K. N., Stediiization of the Course of a Feutral

Airplane Self-Piloted With & Constent-8peed Servamotor and a Zone of In-
sensitivity, DAN, 46, 4, 1945

ﬁigures follovJ . )

- 22 -

CONFIDENTIAL

TRt

Sanitized Copy Approved for Release 2011/09/13 : CIA-RDP8b-_9_0809A000600260874-3



pETREATIAL

COMFIDRNTIAL

A

.1 > ) ‘ El
L :_‘__.r_____;_
7 Koo W%, (- <x o)
‘ 2 (X >e)
e Ne (X 4)

General Graphicel Bshavior of the Power Amplifying Rlement
of the Regulator Function x2 * CP(31)=

. Figure 1.

Figure 2b

Figure 2&

X0 for /1415‘*'
"fy’a’fa" P Lt
v, ,.wwfa, y,.L—

A2

Char of & Typa~
gure 2 ristic (a) and Model (b) of & Behsme
K 2 2 !m‘l?cn::r ‘!‘]nmnf (zons of lptsnaitivity or York)

7
tgxre Crezi Bmowizg 2 Depecdesce o G2 “im VGEiVEIAEY Ml wes
i . lm:z;fr‘:.mctcf;‘:?m T ks TheglllAs oAt

¥
\

oy g -yl
i aegnie {11 L
i
-t

Sanitized Copy Approved for Release 2011/09/13 : CIA-RDP80-00809A000600260874-3




BeIFIDTITIAL

CONFIDERTIAL

X

o &l 3
Xy My, (~e<x L)

Xa=Aa ( x>a)
PAY A G & 4“4)

Figure 1. ' General Graphical Behavior of the Power Amplifyinzg Eiener

of the Regulator Functlon xp = CP(L]_

.Figure 2e Figure 2b kg

g Xp=d ﬁ“/ll/\‘(a
‘k- ::L @j// = ~ofor 7% /M
. X B O e Calb it 7)
/| i

!

Figurs 2. The Characterietic (aj and Model (b) of & Bcheme c¢f & Type-

NEI Nonlinear Elamf.mt {zone or imsenaivivity or lu- L)

Jvero -

Larxl l —

o

a6
1

o ,fi——“——"

/ :
a2 l

LLLTH

4
7 — & 4 2 B ras

Figure 3. Graph Shovwing the Dependence of the Equivalent Muittance

of a Nonlinear Flement of Type N2I Upon the "smplitude Ratlo
Al/&

- 2% -

CUlr 10BN

ll?i&...lﬁﬁl.

Sanitized Copy Approved for Release 2011/09/13 : CIA-RDP80-00809A000600260874-3

Sanitized Copy Approved for Release 2011/09/13 : CIA-RDP80-00809A000600260874-3 " 88

el

50X1-HUM




" Sanitized Copy Approved for Release 2011/09/13

- CIA-RDP80-00809A000600260874-3 * S

CERENTIAL g

CONFIDENTIAL
Figawe ba - : Figurs b '

' |*l*|'11'§’1'1"‘*"
‘ ’| . - \ SO
4
. , I 1 B
e . 3 ' %ﬁm
a o %,
e Figure 4. The Characteristic {a) end Schematie (b) of a Nonlinesr Type-
{ NEIT Elemont (Rote. “Characteristic® alwaye means hore

“charecteristic Curve.")

e ‘ Jrego

b

Ll
~] - T
a2
\\M
g | 3 s 7 g / & B )5

Figure 5. Graph Showing the Jependence of the Equivalent Admittanc.
of/a Nonlinear TyPe-NEII Element Upon the Amplitude Ratio
A /e

Mgure 6b

Figure 6. The Characteristic {a)j and Schemaic (b end c) of & Hon-
linear Typo-NEIII Element {free play or iriction)

Ao I,—A; sin ¢

Figure 7. GCraph Shcwing the Dependencs of Input (x;) and Output (xp)
Upon'p

~ o -

CONFIDENTIAL

‘_'_,- - - < “
CERTIAL

Sanitized Copy Approved for Release 2011/09/13 : CIA-RDP80-00809A000600260874

I

-3



" Sanitized Copy Approved for Release 2011/09/13 : CIA-RDP80-00809A000600260874-3 =

and  Reactive (bek)
Conductences Making up
the Bguivelent Admit~
tance of 2 Nornlinear
Tspe-~-NELILIL Klewent Ver-
sus Reletive Amplitude

Sanitized Copy Approved for Release 2011/09/13 : 13 : Cl

Al/a
=
i
/ ¥
A
y3
/2 3 & '\(.49

Cheracteristic of
tho Equivalent dnm-

N
YT okl ! I : ;
Eoir um..lﬂﬂ. 5ox1-HUML
CONFIDERTIAL -
Mol
o |
T i ] 1
ek
y, 1 )
&5 \‘ ]
r r g . 14
N bt =
- S [ 3 19 /:.é}
Craph of fctive (gek)' Figure 9. Graph of Medulus (Ab- A

solute Velue or J,

and Fhass (gm)@%ﬁe ¥
Equivelent Admittence
of a Fonlineser Type-
KEITI Elemeont Verasua
Eatlo &y /s

L

-~
N

|
-

Figure 11. Characteristic of

a Nonlinear Type-

peduzica ~f & Non- NETV Element
linear ’l‘ype-lmIII
Rlement
vty
L 1
] ! \
‘ a \
Y
a6
ndl \\ e
V" \ ’
- \\ ‘
~=] -
g «*}[\ /
o PR ¢ & nI2 gL

Graph of Equivaler* Adwittance of a Nonlinear Typs-NEIV

Flemsnt Versus the Ratio A;/a

- 25 -

CONFIDERTIAL

GE’H&E}IW\L'

A-RDP80-00809A000600260874-3




¥ Sanitized Gopy Approved for Release 2011/09/13 : GIA-RDP80-008C

ot o

CONFIDENTIAL
Figure 132 Figure 15b
L
Q\é‘s\g

4
a, na?{’,+

Flgure 13. Characterlstic and Schematic of & Wend inear Type-RBV Element

‘/—UEYn .
28 ‘,/‘ ':; ).:/0i
] B
/] N ~
ac . 3 -
A S |
at - -
\”‘3 I
, . Ih-.2\1\.
a2l ]
/ =T
] ] -
gl A
2 p < 8 0 2 4 AT

Figure ik, Greph of the Dependence of the Bquivalent Admittance of a
Nonlinear Element of Type-NEV Upon the Ratio Ay/a for
Different Values of n

Figure 15a Figure 1%b
HHHH A —
gl T
a -b i ( v / d
T lo L ‘%;{,
-8Y 4 !
e g i

Figure 15. Characteristic and Schemstic of a Nonlinear Type-NEVI
™ srent

Sanitized Copy Approved for Release 2011/09/13 : CIA-RDP80-00809A000600260874-3




Scale for the curves 7

Sanitized Copy Approved for Release 2011/09/13 : CIA-RDP80-00809A000600260874-3 ™ S | '.
.\_
bowrmcdTIAL
' CONFIDENTIAL ~ 50X1-HUM{
Y hemo 2 2 4 s & 2 » 9
| Sc;Ie for Cu]rves J'NIEEZ, K
o vt
\ .
) " [/ -qa5” t
0} 08 ~“513’
? Tl s
2ot ag
ML e — Cwive:; of JnEBs
—af
| \\§ }’71-;@3{5— \l\\\ . \
ol NI /2, —— BT
AN B s o
; . . | A Curves of ¥
, N . -
¢ 4 g A S "R ¥ 25k

Figure 16. Graph of Modulus (J o) and Phase {(gamma) of ‘the Bqui~
: valent Admittance og a Nonlinear Type-REVI Element Ver-
sus the Ratio 4/a

Jré

A
o =0
| A= aX /3—
’,I / N/ M:&‘
-2as (-7
— L™ |
Lil
= i
¥4
L

g / 2 ] 4 s~ 201)

Flgure 17. Cheracteristic of the Bquivalent Impedance of & Nonlinear
Type-NEVI Element

J,
°
~d. . _77'
/i
vo() v
w,
i LE e o
N
_L_ / ngu)
AL
2 wE T2 -
. (g
el 7 AR
(4
Figure 18. A Schemetic of a 4
Regulation System
(Note: L1E -- linear; Figure 19, The Amplitude-Phese
KNE -- nonlinaar) Characteristic of =

Linear Blement J(Juw)
and Impedance Charac-
teristic of a Nomlin-

ear Flement 1/J
- 97 - e

CONFIDENTIAL

ECuriaanidl

Sanitized Copy Approved for Release 2011/09/13 : CIA-RDP80-00809A000600260874-3



g )

{;::J:ESL 1 i “‘L

CONFIDENTTAL X - 50X1-HUME
N
Flgurs 20a Figure 20b g
Figure 20c b/ ’
Figure 20e '
/) -
\

Figure 20. Various Casee of Common (simultemeous) Disposition of the
Characteristics of Linear and Nonlinear Elementa: - a-Ab- . . i
sclutely Stable System; b-Unstable System; c-Conditionally ' SO A
Stable Syetem; d-Conditionally Steble System; e-Absolutely L ' ' b
Unstable System .

[ - ey .
1
/ %
L N
| S
Figure 2la Y Figurs 21b
R
|
3 - <
— e -
Figure 21. a-Schematic of the Primary Regulation of an Inertia Object; .
1- ObJect of Regulation, 2- Regulator, 3- Msasuring FElement,
4- Servomotor. b-Characteristic of a Nonlinear Type-NEIII
Elerent
4o Jg
58 ; Bk ()
. /’/ | i
sla A 3 R0 (A
1 = % R
4. %"\1' 4 f
7 3o} T-o pel
2l /4 f al | e
7
g 3 & 7 9 N T4 5
Figure 22. Characteristics of the Figure 23. The Ratio A&/a and
Linear and Nonlinear Hced uency
” Flements in & Primery of Oscillation
Regulation Scheme of Versus Amplification
an Inertia Object Factor N
- 28 -
CONTIDENTIAL

"le un. .,il‘

Sanitized Copy Approved for Release 2011/09/13 : CIA-RDP80-00809A000600260874-3



YRRt

- T

o i |wi—~d%"‘

CONFIDENTTIAL
£ 2
/ dorep
R N )
| onemr I:
1 —
7,
T
e
: |
[
pomell

7
Flgure 2k, Schepatic SBhowing Regulation by Means of a Regulator

Figure 25.

Figure 26.

Having Mess eud Viscous and Dry Frictioms:
of Rsgulation and 2- Regulator

1~ Object

gurs e5r - Tigurs 25b Mgure 25¢
AB>/ ‘ AB</ Bt

(o) %ﬂ) "”m J
:z;’a (R

The Charscteristic Curves of the Linear and Nonlinear
Rlemen.s or & Regulation Systew That Is Controlled by
a Regulator Possessing Mass and Viscous and Dry Fric-
tions. a-Absolutely Stable; b-Conditlonally Steble;
c-Absolutely Unstable

Figure 26a Figure 26b
=l LE
: Xz,
T
8
1T gﬁa:"a; ix.
JInex % T
Xy ad 1

th & Nonlinesr Type-NEIY

a-Bckamatic of a Regulation W
ear Type-{BI1

L
Rlement; b-Characteristic >f a Noml
Rlement

- 20 -

CONFIDERTIAL

piali bl RabE Rt 1

st i Wl e .h,‘

Sanitized Copy Approved for Release 2011/09/13 : CIA-RDP80-00809A000600260874-3




.[':"'»

Sanitized Copy Approved for Releas

S SRR

CONFIDENTIAL

i
i Pl
- JoG“’)
le— k&
!
|
A /
“, M e,
o 0 S 157
¥ /
- =
- . f"

The Amplitude-Fhase

Characteristic of the Linear Part of

Figure 27.
the Bystem J,(Jw) and the Inpadance Characteristic of
the Fonlinesr Elerent 1/dypryg
A
z4
N g //
) v
6
. =
_ e
-* 2 - - / / —
o/ z 3 <4 & N
Figure 26. Dependence of the Ratlo Ay/a of Auto-Oscillation Upor
AMnplification Factor kN
Figure 29a Fi%“ 29b
e o, . v
—>‘} / Hl TP
i ¢ raa
. . 3‘[ —
. Y
(-
4 /
WE Lte Flge 29
L éaf-)‘
[ 6‘5— PR
€ .4 xn .
Figure 29. &-The Schematic of Voltege Regulatlion With & Nonlinear

Element: 1- Exciter, 2- Generator,

Measuring Rlement,
the Nonlinear Element ©:
c-Characteristic of the Nonlinear Elerent

Insensitivity;

h- Bervamotor;

3. Regulator's
b-Charac texrlstic of
£ the Schematic With Zone of

of the Schematic in the Case Where the Servomotor Hae a
Variable Velocity With & Zone of Insensitivity

EQ‘:‘T“’T" ~e g
Ced vk biAlL




e

“Approved for Release 2011/09/13 : CIA-RDP8O0-

= Figure 308 3>

KR ORI

s

CEranATIAL

CORFIDENTIAL

%4

Flgure 304

Figure 30.

Figure 31.

1 : o |
.'." . Figura *0bo —/{J a' i, 1':_,12

2 —Efj[j’d T, /% At - Flgurs 30¢
I3 7 et :

TR s R - 5
1'
8
s__1 Y ¥ L,
, i AR L

Structure of the Characteristic of the Reduced (lumped or
resnltant) Nenlinsar Tlement With Respact to the Given Cher-
acteristics of the Component Nonlinear Elemente: a-Schematic
of Two Nonlinear Rlements Connectsd in Series; b-Charactesyis-
tic of These Elements; c-Characteristic of the Reduc.d Non-
linear Bloment x3(xy) for x) Less Them Ximax Lese Than X)p;
d-Cheractesistic of the Reduced Nonlinear Element Xx3(xj) for
Xmax Greater Than x3o

()]

i (rel)

14€a/4—ﬁ—‘—

Graph of the Modulus end Fbase of the Equivelent Admittance
of the Reduced Nonlinear Element (type NEIII+NEV) Versus
the Ralative &mplitude Ay/a

- 31 -

CONFIDERTIAL

CoiClamialL

Sanitized Copy Approved for Release 2011/09/13 : CIA-RDP80-00809A000600260874-3

50X1-HUM;H

i
!
|



L el

S

S BRI ) ey R T e e DA
0600260874-3

Release 201

R A

1/09/13 : CIA-RDP80-00809A00
. : ‘ \¥
.
8 o i HAL |
- : CONFIDENTIAL IR 50X1-HUMS
a(&)
RO F ' . ‘ ”’zl
-k 4
3 /‘7/;‘:?%(/"#)
al .
p J—l—, (7-’2) i/ J‘Lé"@)
MERs v
-—4—[ 3 3 - z__
* ey S g %
o - g T 4 X

Figure 32, Characteristics of the Equivalent Impesdance of the Reduced
Nonlinear Blement of Type (NBIII+BEV)
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Figure 33. u-8implified Bchemat’c of a Regulation Syetor Witk Two
Nonlinear Flements; b-Equivalent System of Figure a

Figure 3La Figure 34b

Revolutions of an Alrcraft Engins: 1- Regulated ObJect;
2- Indicator; 3- Servomotor: b-Ckerracteristic of the
Nonlluear Element NEIII; c-Characteristic of the Non-
linear Element NEV
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l Figure 34, a-Bimplified Schematic of a System for Regulating the
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Figurs 35, Amplitude-Phape Characteristice of a Linear Biatem and
Impedance Cheracteristlc of a Nonlinewr Element
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Tigure 36. A Schematic in Figure 37. Simplified Bcliem_atic
Waich a Nonlinear for the Regulation of
Blement Is Shunted an Alrplane‘’s Course:

by & Linesr Element 1- Airplane; 2- Mess-
uring Rlenent; 3- Servo-
motor; 4- Feedback

Figure 38b

Figure 38a ‘g . 2, X

Figure 38. e-Amplitude-FPhase Characteristice of a Syetem for Regu-
lating an Airplene's Course: I-The Linear Part of the
System Is Stable; II-The Linear Part of the System 18
Unstable; b-Graph to Detsrmine the Amplitude of Auto-
Oscillation: 1- Point Corrssponding to a Stable Btate;
2- Point Corresponding to an Unetable Stete
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